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LOCALLY DIVERGENT ORBITS OF MAXIMAL TORI AND 
VALUES OF FORMS AT INTEGRAL POINTS 

GEORGE TOMANOV 


Abstract. Let G be a semisimple algebraic group defined over a number 
field K, T a maximal AT-split torus of G, 5 a finite set of valuations of 
K containing the archimedean ones, O the ring of 5-integers of K and Kg 
the direct product of the completions Ky,v € 5. Denote G = G{Ks), 
T = 'T{Ks) and F = G{0). Let Tirlg) be a locally divergent orbit for the 
action of T on G/F by left translations. We prove: (1) if #5 = 2 then the 
closure Tir^g) is a union of finitely many T-orbits all stratified in terms of 
parabolic subgroups of G x G and, therefore, T'K^g) is homogeneous only if 
TTr{g) is closed; (2) if #5 > 2 and K is not a CM-field then T7r(g) is squeezed 
between closed orbits of two reductive groups of equal semisimple ranks 
implying that Tir^g) is homogeneous when G = SL„. As an application, 
if / = {fv)veS G Ks[xi,--- ,Xn], where fv are non-pairwise proportional 
decomposable over K homogeneous forms, then f{0^) is dense in Kg. 


1. Introduction 

Let G be a semisimple algebraic group defined over a number field K. Let S 
be a finite set of (normalized) valuations of K containing all archimedean ones 
and O the ring of iS-integers of K. We denote by n G 5, the completion 
of K with respect to v and by Kg the direct product of the topological fields 
Ky. Put G = G{Ks). The group G is naturally identified with the direct 
product of the locally compact groups Gy = G(A„), v E S, and G(A) is 
diagonally imbedded in G. Let P be an iS-arithmetic subgroup of G, that is, 
P n G{0) have finite index in both P and G{0). The homogeneous space G/T 
is endowed with the quotient topology and has finite volume with respect to the 
Haar measure. Every closed subgroup A of G acts on G/P by left translations 

hTT{g) 7r(%), 

where tt : G —)■ G/T is the quotient map. An orbit H7i{g) is called divergent if 
the orbit map H —)■ G/T, h i—)■ h7i{g), is proper, i.e., if {hi7i{g)} leaves compacts 
of G/T whenever {hi} leaves compacts of H. It is clear that every divergent 
orbit is closed. We say that the closure HTi{g) of HTi{g) in G/T is homogeneous 
if H'7i{g) = L7i{g) for some closed subgroup L of G. 

Fix a maximal A-split torus T of G and, for every v E S, a maximal Ky- 
split torus T^ of G containing T. Recall that, given a field extension F/K, the 
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F-rank of G, denoted by ranki?G, is the common dimension of the maximal 
F-split tori of G. So, rank^^^G > rank^G and rank^^^G = rank^G if and only 
if T = T^. Let Ty = Ty^K^) and T = orbit T7i{g) is called 

locally divergent if Tyn{g) is divergent for every v E S. 

The locally divergent orbits, in general, and the closed locally divergent or¬ 
bits, in particular, are classihed by the following 

Theorem 1.1. fcf. |T1[ Theorem 1.4 and Corollary 1.5]) With the above nota¬ 
tion, we have: 

(a) An orbit Ty7r{g) is divergent if and only if 

(1) rank;^„G = rank^^G 

and 

(2) g e ZG{Ty)G{K), 

where ZciTy) is the centralizer ofTy in G. So, Tii^g) is locally divergent 
if and only if (Q]) and ^ hold for all v G S; 

(b) An orbit Tn{g) is locally divergent orbit and closed if and only if (Q]) 
holds for all V E S and 

g € Afc{T)G(K), 

where AfciT) is the normalizer ofT in G. 

The proof of Theorem 11.11 was preceded bv |T-We] . |We] and m and by a 
result of G.A.Margulis for SL„(M)/SL„(Z) (see [T-Wel Appendix]). 

Theorem 11.11 easily implies 

Corollary 1.2. A non-closed locally divergent T-orbit exists if and only if 
rankj^G > 0, ifS > 2, and (Q]) is valid for all v E S. 

In the present paper we study the structure of the closures of the non-closed 
locally divergent T-orbits. It turns out that the cases ffS = 2 and ffS > 2 
behave in drastically different ways. When ffS = 2 the structure of T7r{g) is 
similar to that of a toric variety: Tii^g) is open in Tn^g) and Tn^g) is a union 
of hnitely many locally divergent T-orbits all stratihed in terms of parabolic 
subgroups of G X G fTheorem 11.31) . Therefore, Tn^g) is homogeneous if and 
only if T7r{g) is closed (Corollary II.6p . On the other hand, when jfS > 2 
and T7r{g) is not closed T7r{g) is never a finite union of T-orbits. In this case 
we prove iTheorem II.8p that if K is not a CM-field 0 then T7r{g) is squeezed 
between closed orbits of reductive subgroups of G of equal positive semisimple 
ranks. Hence if G = SL„ then TTi{g) is always homogeneous (Corollary II.9p . 

During the recent years a number of problems from the Diophantine ap¬ 
proximation of numbers have been reformulated in terms of action of maximal 

^Recall that F is a CM-field if it is a quadratic extension K/F where the base field F is 
totally real but K is totally imaginary. 
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tori on G/V and, in some cases, successfully tackled. (See, for exemple, |M2] . 
|E-K-L] . |E-K1] ■ |Shaj .l It is worth mentioning that the dynamics of the action 
of maximal split tori on G/T is closely related to the dynamics of the action 
of unipotent groups of G on G/T. Both actions have many complementary 
features but the latter is much better understood and motivates problems and 
conjectures about the former. For example, in contrast to the tori orbits, the 
unipotent orbits are always recurrent and, therefore, never divergent or locally 
divergent (cf. |M6j and [D]). As another example, if is a subgroup generated 
by 1-parameter unipotent subgroups of G then Hn^g) is homogenous. (See the 
proof of the Oppenheim Conjecture |Mlj . followed by [DMlj . M.Ratner’s results 
for arbitrary real Lie groups [Ralj and |Ra2j . and the corresponding results in 
iS-adic setting [BP], |MTj . |Ra3j and |To4j .) It was believed up to recently that 
T'n'{g) is homogenous whenever T is maximal (even higher dimensional) split 
torus and G/T does not admit rank 1 T-invariant factors. (See Margulis’ |M31 
Conjecture 1] for an exact formulation.) Sparse counter-examples to Margulis’ 
conjecture have been given in |Mauj for G = SL„(M),n > 6, and the action of 
multi-dimensional but non-maximal T, in |Sha] (see also |L-Shal Theorem 1.5]) 
for SL 3 (M)/SL 3 (Z) and maximal T, and in |T3] for direct products of r > 2 
copies of SL 2 (M) or SL 2 (C) and the action of both maximal and non-maximal 
T. The main results from |T3j are extended in this paper to all semi-simple 
algebraic iC-groups. 

Let us give the exact formulations of our results starting with the case = 
2. We will use some basic concepts from the theory of linear algebraic groups 
recalled in §2.3. So, let S = {^ 1 ,^ 2 }, 9 = {gvi,gvi) £ G and Tn{g) be a locally 
divergent orbit. Let 11 be a system of simple iP-roots with respect to the 
maximal iL-split torus T. Given T C 11, we denote by Pij, the corresponding 
to T standard parabolic subgroup and by Pj the opposite to P.^ parabolic 
subgroup. It is well known that P^ (respectively, Pj) is a semidirect product of 
its unipotent radical V,i, (respectively, V^) and the Levy subgroup Zg(T,i,) = 
Pij, n P^. Put 

Vq,{g) = {cuiP^wf^ X a; 2 Pvi/a; 2 'VD '^2 e J\fGiT),g^^g~^ E 
and 

n9)= 

-Lcn 

The parabolic subgroups from the finite set V{g) are called admissible with 
respect to g. It is clear that Pn(fi') = {G x G} and ViD{g) consists of minimal 
parabolic iP-subgroups of G x G. 

To every P E V{g) we associate a locally divergent T-orbit as follows. If 
P = caiP^wj"^ X oj 2 P^ojfi^ and gv^gfi^ = oJivi^z^v^ojfi^ ^ where E V(^, E 
2^g(T<i.) and G V,i,, we put 

Orbg(P) 


( 3 ) 
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It is easy to see that Orbg(P) is a well-defined locally divergent orbit (Lemma 
IS.ip . Note that Orbg(G x G) = T'k^q). 

Theorem 1.3. With the above notation, let P G 'P{g). Then 

OfVP) = U Orb,(P'). 

P'eP(g), P'cP 

In particular, 

Tp{g) = IJ Orbg(P). 

PGP(9) 

Theorem 11.31 implies easily: 

Corollary 1.4. Let P G V{g). Choose a P G Vig) with Orbg(P) = Orbg(P) 
and being minimal with this property. Then 

Orb 3 (P) \ Orb,(P) = IJ Orb,(P'). 

P'eP(s), P'cp 

In particular, Tii^g) is open in its closure. 

The closed T-orbits in T7r{g) are parameterized by the minimal parabolic 
snbgronps of G x G belonging to Vi^g). Namely, we have: 

Corollary 1.5. If P is minimal in V{g) then Orbg(P) is closed and P is a 
minimal parabolic subgroup of G x G. Moreover, V%{g) ^ 0 and {Orbg(P) : 
P ^ P0(fi')} is the set of all closed T-orbits in Tn^g). 

We get the following refinement of Theorem 11.11 (b): 

Corollary 1.6. The following conditions are eguivalent: 

(a) T7i{g) is closed, 

(b) Tpiq) is homogenous, 

(c) 9 e NaiT)G(K), 

(d) T7i{g) = Orbg(P) for some minimal P G V{g), 

(e) Tp{g) = Orbg(P) for every P G V{g). 

The map P i— )■ Orbg(P), P G V{g), is not injective, in general, bnt it becomes 
injective if gvigf^ belongs to a non-empty Zariski dense snbset of G. 

Corollary 1.7. For every T C 11, denote by the number of parabolic sub¬ 
groups containing T and conjugated to P^. We have 

(a) The number of different T-orbits in T7i{g) is bounded from above by 

number of different closed T-orbits inTn{g) is bounded 

from above by n^; 
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(b) There exists a non-empty Zariski dense subset C G{K) such that if 
QviQT^ ^ ^ then the map Orbg(-) is injective and Tn^g) is a union of 
exactly pairwise different T-orbits and among them exactly 

are closed. 

Recall that the semi-simple R-ra nk of a reductive R'-group H, denoted by 
s.s.rank/f(H), is equal to rank^i'2)(H) where S)(H) is the derived subgroup of 

H. 

The main result for ffS > 2 is the following 

Theorem 1.8. Let ffS > 2, K be not a CM-field and T7r{g) be a locally 
divergent non-closed orbit. Then there exist hi and ^2 G N'g{T)G{K) and 
reductive K-subgroups Hi and H 2 of G such that 

(4) s.s.rankj^(Hi) = s.s.ranki^(H 2 ) > 0, 

and 

h2H2'K{e) C TTi{g) C /iiifi7r(e), 

where Hi = Hi(R' 5 ), H 2 = Tl 2 {,Ks) and the orbits hiHi7i{e) and h2H27i{e) are 
closed and T-invariant. 

The above theorem implies 

Corollary 1.9. With the assumptions of Theorem M.^ if G = SL„ then T'K{g) 
is homogeneous. Moreover, if g = {gvi, ■ ■ ■ ,gvr) ^ G, where S = {ui, • • • ,Vr}, 

r—1 

Tni^g) is dense in G/V if and only if P| ZT{^^igvi{gvr)~^) is finite for all choices 
o/o;, eAAG(T). 

In §8.2 we prove Theorem 18.11 which shows on the example of G = SL 2 
that the claims of Theorem 11.81 and Corollary 11.91 are not valid for CM helds. 
Moreover, using the restriction of scalars functor, we get that T7i(g) as in 
the formulation of Theorem 11.81 is, in general, not homogeneous. Theorem 
18.11 provides counter-examples to Margulis’ conjecture which differ from the 
counter-examples in |Mau] . |Sha] and |L-Sha] in the following sense: in |Mauj . 
|Shaj and |L-Sha] T7i{g) \ Tn^g) is contained in a union of 2 closed orbits of 
proper subgroups of G while in Theorem 18.II T7r(q) \ T7i{g) is not contained in 
a countable union of closed orbits of proper subgroups of G. 

As an application, we describe the closures of the values at iS-integral points 
of decomposable over K homogeneous forms. First, we introduce the necessary 
notation and formulate a general conjecture. Let Ks[x] be the ring of polyno¬ 
mials in n > 2 variables x = {xi ,..., Xn) with coefficients from the topological 
ring Kg . Note that Ks[x\ = The ring K[x\ is identihed with its 

v£S 

diagonal imbedding in Ks[x]. Let f{x) = {fv{x)).v£S ^ Ks[x]. We suppose 





























6 


GEORGE TOMANOV 


that every fv{x) = li\x) ■ ■ ■ lm\x), where l[^\x), ..., lm{x) are linearly inde¬ 
pendent over Ky linear forms in Ky[x]. (So, m < n.) It is easy to see that if 
/(x) = c • h(x), where h{x) G K[x] and c G Kg, then /(O"") is discrete in Kg. 

In fact, the opposite is also true: the discreteness of f{0'^) in Kg implies that 
fv{,x),v G iS, are all proportional to a polynomial h[x) G K[x] 1 |T11 Theorem 
1.8]). It is natural to ask what is the closure of f{0"') in Kg if fy{x),v G S, 
are not all proportional to some polynomial with coefficients from K. 

Conjecture. With / as above, let > 2 and K be not a CM-£eld. 
Suppose that fy{x),v G S, are not all proportional to a non-zero polynomial 
with coefficients from K. Then /(C"’) is dense in Kg. 

We say that fy is decomposable over K if the linear forms l^^\x), ..., lm\x) 
are all with coefficients from K. Using Corollary 11.91 we prove 

Theorem 1.10. Conjecture 1 is true if every fy, v ^ S, is decomposable over 

K. 

It is shown in §8.3 that the analog of Theorem 11.101 (and, therefore, that of 
the above conjecture) is not always true if ffS = 2 or ffS > 2 and is a 
CM-£eld. If f{0^) = Kg it is a natural problem to understand the distribution 
of f{0^) in Kg. Presumably, it is a matter of a uniform distribution. 

2. Preliminaries: notation and some basic concepts 

2.1. Numbers. As usual, N, Z, Q, M, and C denote the non-negative integer, 
integer, rational, real and complex numbers, respectively. Also, N+ = {x G N : 

X > 0} and M+ = {x G M : x > 0}. 

In this paper iP is a number held, that is, a hnite extension of Q. All 
valuations of K which we consider are supposed to be normalized (see [CFl 
ch.2, §7]) and, therefore, pairwise non-equivalent. If n is a valuation of K then 
Ky is the completion of K with respect to v and | • |.u is the corresponding 
norm on Ky. Recall that if Ky = M (respectively, Ky = C) then | ■ |^ is the 
absolute value on M (respectively, the square of the absolute value on C). If n 
is non-archimedean then Oy = {x E Ky : | x |^ < 1} is the ring of integers of 

Ky. 

We £x a hnite set S = {xi, • • • , of valuations of K containing all archimedean 
valuations of K. The archimedean valuations in S will be denoted by Soo. We 
also denote Sf = S \ Soo- 

Sometimes we will write Ki instead of Ky^ and | ■ \i instead of | ■ li;;. 

We denote by O the ring of iS-integers of K, i.e., O = K n(ni;^<s Also, 
Ooo = K ^v) is the ring of integers of K. 

def 

Let Kg = Hugs A",;. The held iC is a dense subfield of the topological ring 
Kg and (P is a lattice in Kg. 

As usual, if i? is a ring R* denotes the multiplicative group of units of R. 
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2.2. Groups. Further on, we use boldface letters to denote the algebraic groups 
dehned over K (shortly, the iF-algebraic groups or the algebraic iF-groups). Let 
H be a TF-algebraic group. As usual, 7Fu(H) (respectively, Lie(G)) stands for 
the unipotent radical (respectively, the Lie algebra) of H. Given u G iS, we write 

‘^= H(fF^) or simply Hi ii S = {ui, • • • , Vr} and v = Vi. Put H H(iF 5 ). 
On every we have Zariski topology induced by the Zariski topology on H 
and Hausdorff topology induced by the Hausdorff topology on K^. The formal 
product of the Zariski (resp., the Hausdorff) topologies on u G S', is the 
Zariski (respectively, the Hausdorff) topology on H. In order to distinguish the 
two topologies, all topological notions connected with the hrst one will be used 
with the prehx ’’Zariski”. 

The algebraic groups in this paper are supposed to be linear. Every K- 
algebraic group H is a Zariski closed iF-subgroup of SL; for some I G N+. 
The group SL; itself is identihed with SL;(G) where G is a universal domain, 
i.e. H is an algebraically closed held of inhnite transcendental degree over Q 
containing K and all K^. We denote by GLi the 1-dimensional Q-split torus 
and by D; the subgroup of diagonal matrices in SL;. So, D; is isomorphic over 
Q to GL)^“b Moreover, H((P) = SL/((P) fl H. A subgroup A of iL is called 
S-arithmetic if A and H((P) are commensurable, that is, if AnH((P) has hnite 
index in both A and H((P). Recall that if H is semisimple then A is a lattice 
in iL, i.e. H/A has hnite Haar measure. 

The Zariski connected component of the identity e G H is denoted by H*. 
In the case of a real Lie group L the connected component of the identity is 
denoted by L°. 

If A and B are subgroups of an abstract group C then Ma{,B) (resp., Za{B)) 
is the normalizer (resp., the centralizer) of B in A. 


2.3. iF-roots. In this paper G is a connected, semisimple, iF-isotropic alge¬ 
braic group and T is a maximal iF-split torus in G. The imbedding of G in 
SL; (see §2.2) is chosen in such a way that T = GflD; and H{0) = GnD;((9) = 

(^*)rankx G 

We denote by <F(= <h(T, G)) the system of iF-roots with respect to T. Let 
be a system of positive iF-roots in d) and H be the set of simple roots in 
<!>■'■. (We refer to [HI §21.1] for the standard dehnitions related to the iF-roots.) 

If X G <h we let be the corresponding root-space in Lie(G). For every 
a G H we dehne a projection tTq, : d* — )■ Z by 7rQ,(x) = Ua where y = 

Let T C H and T,^ '^= (fj^g^ ker(Q;))*. We denote by the (standard) 
parabolic subgroup corresponding to T and by the opposite parabolic sub¬ 
group corresponding to T. The centralizer is a common Levi subgroup 

of P^ and P^, P^ = Zg{T:^) k 7F„(P^) and P^ = ^g(Tvi>) ix 7F„(P^). We 

def def 

will often use the simpler notation = TZuiP^s,) and = 7F„(Pg]). Recall 
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that 

(5) Lie(V*) = 0 

3«Gn\^, 7ra(x)>0 


( 6 ) 

and 


Lie(V*) = 0 B*. 

3aGn\'I', ■7ra(x)<0 


(7) Lie(ZG(T^)) = Lie(ZG(T)) © 0 

V«Gn\^, 7rc.(x)=0 


It is well known that the map d' i—)■ P^r is a bijection between the snbsets of 
n and the parabolic snbgroups of G containing B, cf. [HI § 21 . 11 ], Note that 
P 0 , P 0 ~ are minimal parabolic snbgronps and G = Pn — Pn- 

Given a G <h we let (a) be the set of roots which are positive mnltiple of 


def 

a. Then = 0^g(Q,) 9^ is the Lie algebra of a nnipotent gronp denoted 
by U(q,). Given T C 11, let T' be the set of all non-divisible positive roots y 
snch that 3a G A \ T, Tr^ix) > 0- Then the prodnct morphism (in any order) 


n U(,) ^ is an isomorphism of iL-varieties 


XG-I" 


It follows from the above dehnitions that Ti C 


21.9], 
^2 


Pvtl C P 


’I '2 




D V^2 > 2 ^g(T^i) C Zg(T^ 2). Let V[^2\^i] — ^g(T^ 2) G and 

— def _ 

’^[^2^1] = ^g(Tvi, 2) n V"^. It is easy to see that 


( 8 ) 


V^l — V,J,2^['I'2 \'I'i] ~ ^['I'2\^l]^'I'2- 


Recall that the Weyl gronp W '^= 7\/g(T)/Zg(T) acts by conjngation sim¬ 
ply transitively on the set of all minimal parabolic iL-snbgronps of G con¬ 
taining T. When this does not lead to confnsion, we will identify the ele¬ 
ments from W with their representatives from 7\/g(T). It is easy to see that 
Wijf = A/^q(Tb,)(T)/^g(T) is the Weyl gronp of Zg(T^). Note that W = W%. 

We will denote by coq the element from W snch that = Pg . 


3. On the group of units of O 

Recall that S = {wi,--- ,nr}, r > 2, Ki = Ky. and Kg = Y\Ki. By the 

i 

iS-adic version of Dirichlet’s nnit theorem, the Z-rank of O* is eqnal to r — 1. 
Moreover, if Kg = {(xi, • • • ,Xr) G Kg : |xi|i • • • |xr|r = 1} then O* is a lattice 
ofiL^. 

For every m G N+, we denote G O*}. The next proposition 

follows easily from the compactness of Kg/O'^. 
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Proposition 3.1. For every m G N+ there exists a constant Km > ^ such that 
given (oj) G there exists ^ G satisfying 

for all 1 < i < r. 


Let Soo = {ti, • • • , Vr'} and Sf = {n^'+i, • • • , Tr}- So, Ki = 
next proposition p : Kf ^ Kl is the natural projection and L 


M or C. In the 


(fe/ 


pip*). 


Proposition 3.2. With the above notation, we have: 

(1) If r = 2 then L° = {1}; 

(2) Let r >3. We have: 

(a) L° 7 ^ {1}. In particular, L° = M+ if Ki = M; 

(b) Let Ki = C. 

(i) If L° = M_|_ then K is a CM-field; 

(ii) Suppose that K is not a CM-field and L ^ C*. Then L° 
coincides with the unit circle group in C unless r = 3. 


Proof. (1) follows easily from the compactness of Kg/Op 
(2) It r > 3 in view of Dirichiefs unit theorem O* contains a subgroup of 
Z-rank 2. Therefore p{0*) is not discrete, proving that L° ^ {1}. 

Let Kl = C. Suppose that L° = M+. Therefore L is a hnite extension of L°. 
Hence there exists m such that p{Op is a dense subgroup of L°. Let F be the 
number held generated over Q by O^. Then F is proper subheld of K and its 
unit group has the same Z-rank as that of K, i.e. K has a ’’unit defect”. It is 
known that the helds with ’’unit defect” are exactly the CM-helds (cf. [Re]). 

It remains to consider the case when K is not a CM-held, L C* and r > 3. 
Since L° is a 1- dimensional subgroup of C* we need to prove that L° couldn’t 
be a spiral. This will be deduced from the following six exponentials theorem 
due to Siegel; if Xi,X 2 , x^ are three complex numbers linearly independent over 
Q and yi, y 2 are two complex numbers linearly independent over Q then at least 
one of the six numbers : 1 < * < 3,1 < j < 2} is transcendental. 

Now, suppose by the contrary that L° is a spiral, that is, L° = . 

t G M} for some a and b G M*. Since r > 3 there exist .^i, ^,2 and .^3 G p{0*) 
which are multiplicatively independent over the integers. We may suppose that 
^2 = and ^3 = where u and n G M* and i = \/—l. 

Remark that are linearly independent over Q, {a + ib,ib} are linearly 

independent over Q, and the six numbers ^ 1 , ^ 2 -, ^ 3 , jl^, jllii jl^ are all algebraic. 
This contradicts the six exponentials theorem. □ 


If ifi = C and K is not a CM-£eld, it is not difficult to give examples when 
L° is the circle group and when L = C*. 

Examples. 1) For every n > 1, let fn{,x) = + 1 + n)x + — 

(— vrf-i-1 + n)x + 1). Then fn{x) is an irreducible polynomial in Q[X] with 
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two real and two (conjugated) complex roots. Let Ki = Q(a„) where is one 
of the complex roots of fn{x). Then L° is the circle group of C*. 

2) It is easy to see that if iL is a totally imaginary, Galois, non-CM-number 
field of degree > 6 then L = C*. 

Finally, the following is quite plausible: 

Conjecture 2. L° is never a spiral. 

In response to a question of the author, Federico Pellarin observed that Con¬ 
jecture 2 follows from the still open four exponentials conjecture. The use of the 
six exponentials theorem in our proof of Proposition 13. 2l is inspired by Pellarin’s 
argument. 

4. Accumulations points for locally divergent orbits 

As in the introduction F is an iS-arithmetic subgroup of G, T = T{Ks) and 
T acts on G/T by left translations. In the next lemma T{0) is identified with 
((P*)r®-nkicG isomorphism from § 2 . 3 . 

Lemma 4.1. Let h G G(A). The following assertions hold: 

(a) There exists a positive integer m such that ^7i{h) = 7i{h) for all f G 

v^m/ ’ 

(b) If hi is a seguence in G such that {vr(/ij)} converges to an element from 
G/T then the seguence {n^hih)} admits a converging to an element from 
G/T subseguence. 

The lemma is an easy consequence from the commensurability of F and 
hTh-T 

4.1. Main proposition. We need the following general 

Proposition 4.2. Let n G A/g(T) and T C fl. The following conditions are 
eguivalent: 

(i) n G WoW^; 

(ii) Vg is Zariski dense in G; 

(iii) Won'V^{won)~^ C V 0 . 

Proof. The implications (i) ^ (ii) and (i) ^ (iii) are easy. 

Let (ii) holds. Then n“^V 0 nP^ is Zariski dense. Since n“^V 0 n and Pi^ are 
T-invariant 

Lie(n“^V 0 n) = Lie(V^) -|- Lie(n“^V 0 n n P<t). 


(9) 

Therefore 

( 10 ) 


n Wgri —WennP^,). 
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Since n~^Y^n is a product of root groups, if n ^ {e} then, in 

view of (flU]) . n“^V 0 n contains two opposite root groups which is not possible. 
Therefore 

n = {e}. 


This implies that n“^V 0 n fl = n“^V 0 n fl 2 ^g(T.^). In view of ([9]) n“^V 0 nn 
.Zg(T.^) is a maximal unipotent subgroup of Zq,{T^,). Let n' G be such 
that n'{n~^\'fi)n fl ^G(Tii-))n'“^ C V^. Since n' normalizes V,^, it follows from 
(ini]) that 

n'n“^V0nn'“^ = 

which imlies (i). 

Suppose that (hi) holds. Then D V^. Hence, wqu G P^r (cf. 

[Bl 14.22]). Therefore wqu G W-i-, proving (i). □ 


Further on, g = ,gr) G G where gi G G*. If gi G G{K) and 

h = (hi, • • • , hr) G G, writing 7i{hgi) we mean that g^ is identihed with its the 
diagonal imbedding in G, so that, hgi = (hi^fj, • • • , hrgi). 

Our main proposition is the following: 


Proposition 4.3. Let > 2, ranki^-G = ranki^^G = rankii' 2 G, gi and 
g 2 G G(iF) and ^ be a proper subset of U. Let {sn,tn,e, ■ ■ ■ , e) G T be a 
sequence and G > 1 be a constant such that for all n we have: |a(s„)|i > ^ 
for all a G n, |a(fn )|2 —^ 0 for ah a G H \ T and 4 < |a(fn )|2 < G for all 

a G T. Then the sequence {sn,tn,e, ■ ■ ■ ,e)7i{g) is bounded in G/V if and only 
if the following conditions are satisfied: 

(i) 5 'ifi' 2 ’^ ^ V^Pvp, and 

(ii) there exists a constant G' > 1 such that < |a(s„)|i • |Q;(fn )|2 < G' for 
all a E A and all n. 


Proof. «^) Suppose that (i) and (ii) hold. Then gi = vpg 2 where v G 
V^(iL) and p G P 4 r(iF). It follows from (ii). Lemma 14.11 and Proposition 
13.11 that there exists a sequence dn G StabT{ 7 r(p 5 f 2 )} such that the sequence 
{snd~^, tnd~^, d~^, • • • , d~^) is bounded in T. 

Now 


("Sn, tji, e, • • • , e) • (^'l, (72) ■ ■ ■ ) 9r)'^{G) 

(Sn, tn, e, • • • , e) • {vpg 2 , p~^pg 2 , hs • • • , 5'r)7r(e) = 
(s„i;s"\ tnP~\^, e, • • • , e) • (s„, tn, e, • • • , e) • 

(e, e, g3{pg2)~\ • • • , 9n{pg2)~^)7r{pg2) = 

{snVS~^, tnP~H~^, e, • • • , e) • (s„d"\ e, • • • , e) • 

(e, e, g3{P92)~^d-^, • • • , gn{p92)~^d-^)7r{pg2). 
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Note that tnP is bounded in G 2 . By (n) |a(s„)|i —)■ 00 for all a G 11 \ d/. 

n 

Therefore SnVS~^ —)■ e in Gi. Now using the choice of dn we conclude that 
{sn, fn, e, • • • , e)7i{g) is bounded in G/T. 

=^) Let (s„, tn,e,--- , e)Ti{g) be bounded. By Bruhat decomposition gig^^ = 
v~Wonp where v~ G V^, n G 7\/g(T), p G and WqV^Wq^ = V. Suppose 
that is not Zariski dense in G. In view of Proposition 14.21 there 

exists a root y such that C Vij, and y o Int(tcoR)~^ is a negative root. 
Let dn G T n StabG{p 5 ' 2 } be such that {tnd~^} is bounded in G 2 and {dn} is 
bounded in every Gj, i > 3. Then |x((t(;on)“^Sn'W^o’^)|i is bounded from above 
and |x(d“^)|i —?■ 0. Hence 

( 11 ) \xi{won)~^SnWon)x{d~^)\i 0 . 

But 

(sn; tn; e, • • • , e)7r(^) 

(sn,tn,e, ••• ,e)-{v~Won,p~^,gs{pg2)~\--- , griP92)~^)T^{P92) = 
{{SnV~S~^Won){{Won)-^SniWon)d~^), (fnP“H"^)fndn\5'3(P5'2)"^d“\ 
,9r{p92)~^d-^)7r{pg2). 

It follows from (fTTj) and from the choice of {dn} that the sequence 

{{snV~ s~^won){{won)~^ Sn{won)d~^)} 

is unbounded in Gi and the sequences {itnP~^t~^)tndn^}, { 93 {p 92 )~^d~^}, ■ ■ ■ 

! { 9 r{.P 92 )~^d~^} are bounded in G 2 ,G 3 ,-- - ,Gr, respectively. Since TiTi{pg 2 ) 
is divergent, we get that (sn, tn,e, - ■ ■ , e)7i{g) is unbounded which is a contra¬ 
diction. Therefore \'^WQnPq, is Zariski dense in G. So, in view of Proposition 
1121 VgtconPvi/ = Vv^Pvi, = Vg Pv]>, proving (i). 

Let gi = v~pg 2 , where v~ G V^^;, p G P^. Then 

(s„,f„,e, ••• ,e) 7 r(^) = {{snV~s-^){snd-^),{tnP~H-^){tnd-^), 
93{P92)~^d-^, ■ • • ,^r-(Pd2)"^d"^)7r(p^2)- 

Using that is bounded in Gi, tnP~^t~^ and tnd~^ are both bounded in 

G 2 and the projections of dn into G*, i > 3, are all bounded, it follows from 
the assumptions that {sn,tn,e, ■ ■ ■ ,e)7i{g) is bounded in G/T and Ti7i{g) is 
divergent that Snd~^ is bounded in Gi. Hence there exists Gi > 1 such that 
^ < \a{snd~^)\i ■ \a(tnd ~^)\2 < Gi for all a G H. By Artin’s product formula 
n,;ev \(^{d,n)\v = 1 where V is the set of all normalized valuations of K. This 
implies (ii). □ 

The above proposition implies: 

Corollary 4.4. Let Sn G Ti and tn G T 2 he such that for every a G H each of 
the sequences |Q:(sn)|i and |Q:(fn )|2 converges to an element from M U cxd. We 
suppose that gi and g 2 G G{K) and that (s„, tn,e, - ■ ■ , e)7i{g) converges in G/T. 
Then there exist T C H and uji,uj 2 ^ kV with the following properties: 
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(i) CUi ^P^Ui{Ki) X 012 ^P^U2{K2) = 

= {{x,y) E Gi X G 2 lnt{sn,tn){x,y) is bounded in Gi x 6 * 2 }, 

(ii) gig^^ E wf^Vvj,Pvi,a; 2 - 

(iii) If gig 2 ^ = u^^v^z^v^U 2 , where E Vf,{K), zq, E ZGiT^){K) and 
Vq, E Yqi{K), then 

lim(s„, e, • • • , 6 ) 71 ( 51 ) = (rfiwf ^(t^)" V, d 2 UJ 2 ^vq,U 2 , e, • • • , 6 ) 71 ( 5 ), 

n 

where di E Ti and d 2 ET 2 . 

Proof. There exists a parabolic i^-subgroup P containing T snch that 
P(/fi) = {x G G(i^i) : Int(s„)x is bonnded}. Let T C II and oii G W be 
snch that a;f^Pia;i = P^j,. Similarly, we hnd T' C II and UJ 2 E W snch that 
U 2 Pq,'UJ 2 ^{K 2 ) = {x G 0 ( 1 ^ 2 ) ^ Int(t„)x is bonnded}. 

Put g = (a;h^5i,(V2'V,53, • • • ,5'r), Sn = ixf^SniZi and tn = ujfHnUJ 2 . Then 
(Sn,tn,e, ■ ■ ■ , 6 ) 71 ( 5 ) converges, P^(iLi) = {x G G(iLi) : Int(s„)x is bounded} 
and P^/(iP 2 ) = {x G G(iL 2 ) : Int(t„)x is bounded}. So, there exists a constant 
G > 1 such that G > |a(s)i)|i > ^ for all a G T, |a(s,i)|i —>■ oo for all II \ T, 
\ci{tn )\2 —t 0 for all n \ T' and G > \a{tn )\2 > ^ for all a E T'. Passing to a 
subsequence and replacing if necessary G by a larger constant we may suppose 
that for every a G <I> either G > |a(tn )|2 > ^ for all n or |a(tn )|2 is converging 
to 0 or 00 . It follows from Proposition I4.3l iii that ^ < |a(s„)|i • |a(t „)|2 < G 
for all a G n and n. This implies easily that T = T'. In view of Proposition 
I4.3l i) 5 i 5 ^^ G cJiV^Pxi^a;^^. Hence (i) and (ii) hold. 

Let ojf^gi = v^z^vqfUjf^g 2 as in the formulation of the corollary. Then 
writing 

(■^ri) tm 6 , • • • , 6)71(5) 

(Sn,tn,e,--- ,e)(v^Zis,,v^, - ■ ■ ,gr{vii,u;f^g2)~^)7i{vii,ujf^g2), 

a similar calculation as in the proof of Proposition 14.31 shows that 

lim(sn, tn, e, • • • , 6 ) 71 ( 5 ) = 7i(ci}2r^,nvi>a;^^52, d2^'^^^^5'2, fi '3 • • • ,9r) 
where {d'i^d' 2 ) G Ti x T 2 . This implies (iii). □ 

5. Locally divergent orbits for #5 = 2 

In this section 5 = ( 51 , 52 ) and Tn^g) is a locally divergent orbit. We use the 
notation V{g), Vii,{g) and Orbg(P) as dehned in the Introduction B 

Lemma 5.1. Let P = ujiP^uJi^xuj 2 P^iOJ 2 ^ G Vm{g) and gig^^ = UJlVi^z^,v^^uJ 2 ^, 
where vf, E V^, z^, G Zg(T^), E V^, and Ui and U 2 E A/g(T). ITe have: 

^Remark that and P 31 are not always conjugated and , therefore, in the definition of 
V^{g) we can not replace P^ by P,f. Indeed, let G be a simple AT-split algebraic group of 
type DiJ > 4, and a G II be such that a;o(a) —a. Then choosing T* = {a} it is easy to 
see that P^ is not conjugated to P,f. 
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(a) gi,U 2 V^,u: 2 ^ g 2 ) G Zg{T^)G{K) , that is, the orbit ^ 
is well-defined and locally divergent; 

(b) IfweWxVd then wPw~^ G V{wg) and 

(12) taOrbg(P) = Orb^g(wPta“^). 

Proof. The assertion (a) of the lemma is invariant under multiplication 
of ( 5 'i, 5 ' 2 ) from the left by elements from Zg{T). In view of Theorem ll.lf ai. 
this reduce the proof to the case when gi and g 2 G G{K). Since A/g(T) = 
A/G(T)(if)ZG(T) we have iWi = Uiai where uii G A/G(T)(-ff) and a* G Zg(T). 
So, 

gig2^uj2 = aiv^zq,v^a2^ = v^z^iiVq, G G{K), 
where G V^, zij, G Zg(T^) and G V^. Since the product map V^{K) x 
.ZG(T^)(i^) X V^(i^) —)■ (V^ZG(T^)V^)(i^) is bijective, we get that 
and are i^-rationah It remains to note that ^ 

and 0 J 2 Vm 0 jfi^ = uj 2 Vmufi^. 

The part (b) follows from the dehnition of the orbit Orbg(P) by a simple 
computation. □ 

5.1. Proof of Theorem 11.31 In view of flT^ . it is enough to prove the theorem 
for P = P^ X P^. In this case gigfi^ = v^z^v^, where G V^, G Zg(T^) 
and G V^, and 

Orbg(P) = T{z^,e)'K(y^g 2 ). 

The orbit 2^G(7V)7r(n^(72) is closed, it contains Orbg(P), and Zg(T^) is a reduc¬ 
tive it'-algebraic group . Since 2^G(7V)7r(n^5'2) is homeomorphic to ZciT^,)/Z., 
where A is an iS-arithmetic subgroup of ZciT^,), the T-orbits on ZG{T^i)'K{vxi,g 2 ) 
contained in Orbg(P) are described by Corollary 14.41 applied to Zg(T^). Let 
Tm be such an orbit. There exists T' C T such that up to a conjugation of z^^ 
by an element from we have z^ = where G 

z^,! G Zg(T^/) and G V[^\^/] (see ([8])), and 

Tm = 

It is clear that P^, x P^/ G V{g) and 

Tm = Orbg(P^, x P^/), 

proving the theorem. □ 

5.1.1. Proof of Corollaries \1.5\ and I i. hi By flT^ and Theorem ll.lf a) we may 
(and will) suppose that gi and g 2 G G{K) and P = P^ x P,i,. If gigf^ = vf,zmv^ 
where vf, G V^, zq, G Zg(T^) and G V,^ then 

(13) Orb3(P) = T(xvi,,e)7r(nvi/5f2)- 

If P is minimal among the subgroups in V{g) then Orbg(P) is closed in view 
of Theorem 11.31 It follows from Theorem 11.11 (b) that z^, G So, 

gigf^ = v^{z^v^z^^)z^ G P^PdiZ^ 
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and Pg X G V{g). Since P is minimal in V{g) and Pg x C 

P^ X P^ we get that P is a minimal parabolic snbgronp of G x G. This 
complete the proof of Corollary 11.51 

Concerning the proof of Corollary 11.61 it is easy to see that (a) {h) (e) 

in view of Theorem 11.31 (a) <;=> (c) in view of Theorem 11.11 and (a) <;=> {<£) in 
view of Corollary 11.51 □ 

5.1.2. Proof of Corollary [73 The part (a) of the corollary is a direct conse- 
qnence from Theorem 11.31 

Let ns prove (b). Denote by V the set of all parabolic snbgronps 
where oji and oji G .A/q(T^ and T d ff. Let = n iVi ^Pg P $UJ2- 

{llJi xW 

Then Di is IT-invariant, Zariski open, non-empty and V = 'P{g) if and only if 
9192 ^ ^ ^ 1 - 

Let P and P' G V{g) and 9 i 9 f^ G Di. Snppose that the set of minimal 
parabolic snbgronps of P containing T coincides with the set of minimal par¬ 
abolic snbgronps of P' containing T. We may snppose that P = P^ x P^. 
Since P^ x P 0 C P' we get that P' = P^, x P,i,/ for some T' C fl. The 
gronp W.i( (respectively, acts simply transitively on the minimal para¬ 

bolic snbgronps of P^ (respectively, P^/) containing T. Therefore 
But P,!, = P 0 >V,i,P 0 and P^/ = P 0 >V,i,'P 0 . Hence P^ = P,i,' and P = P', 
i.e. each P G V{g) is uniquely determined by its minimal parabolic subgroups. 
Therefore the map Orbg(-) is injective if and only if its restriction to the set of 
minimal parabolic subgroups is injective. 

Let A = g 2 Tgf^. It is well known that the product map x ^g(T) x V0 — )■ 
G is a iL-rational isomorphism. Let p : G —)■ be the natural projection. 

Choose a non-archimedean completion F of K different from Ki and K 2 . Since p 
is iL-rational the closure p(A) of p(A) in V^(F) (for the Hausdorff topology on 
Vg (F) induced by the topology on F) is compact. Therefore there exists a non¬ 
empty, W-invariant, open (for the Hausdorff topology on G(F)) subset D 2 C 
G(F) with the following properties: if x G 122 , ^ ^ uxu~^ = v~zv, 

where v~ G Vg (F), G Zg(T)(F) and v G V 0 (F), then p{ijj~^v~^uj) ^ p(A). 

Let D = Hi nD 2 . It is clear that D is non-empty and Zariski dense in G. Let 
9i £ ^ 92 - Let P and P' G F 0 be such that Orbg(P) = Orbc,(P'). It remains 
to prove that P = P'. In view of (IE]), we may assume that P = P^ x P 0 and 
P' = (uf ^Pg wi X a;^^P 0 Ci; 2 , where oji and ui G W. Then 

gigf^ = V~ZV = Uf^VfZiViU2, 

where v~ and vf G Vg , ^ and Zi G 2^g(T), and v and Vi G V 0 . Using ([3|) we 
get (^ 1 ,^ 2 ) £ T and 5 G A such that 

(14) tizv = ziViijj25 and Ft = Ci;j"^nia; 2 ^- 
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This implies 

oil ^U2 = (tiZt2^)(cJ2 £ ^g(T). 

Therefore oii = 012 = w. Using ffTTl) 

(LL>~^V^^0L>)t2V G A. 

Finally, in view of the choice of 172, we get u = e, i.e. P = P'. □ 

6. Locally divergent orbits eor #5 > 2 
Further on we suppose that rank^G = rank^^G for all n G iS. 

6.1. Horospherical subgroups. Let t G Ty,v G S. We set 
W~^{t) = {x e Gy : lim = e}, 

n —>-+00 

W~{t) = {x ^ Gy ■. lim Gxt~'^ = e} 

n—>-+oo 

and 

Z{t) = {x E Gy ■. n E h, is bounded}. 

Then W~^{t) (respectively, W~{t)) is the positive (respectively, negative) horo¬ 
spherical subgroup of Gy corresponding to t. 

The following proposition is well known and easy to prove. 

Proposition 6.1. With the above notation, there exist opposite parabolic K- 
subgroups P and P^ containing T such that W~^{t) = 7lu{P){Ky), W~{t) = 
ny{P-){Ky) and Z{t) = (P n P-){Ky). 

Lemma 6.2. Let T C If, cr G G{K) and 1 < Si < S 2 < r where = r. 
There exists a seguence tn E T(iF) n crFcr”^ with the following properties: 

(a) z/o G T then a{tn) = 1 for all n; 

(b) z/a G n \ T then lim|a(f“^)|i = 0 when 1 < f < si, lim|Q!(f„)|j = 0 

n n 

when Si + 1 < i < S 2 , and |Q;(fn)|j is bounded when S 2 + 1 < i < r. 

Proof. The lemma follows from Proposition 13.11 and the commensurability 
of T(C>) and T(1F) n aFa-k □ 

Proposition 6.3. Let T, a, Si, and S 2 be as in the formulation of Lemma \ 6. 2[ 
Also let Ui E V^(iFj) if 1 < i < Si, Ui E V^(iFj) if Si + 1 < i < S 2 and gi E Gi 
if S 2 + 1 < i < r. Then the closure of the orbit T'n'{uia, ■ ■ ■ gs 2 +i )''' )9r) 

contains 7r{a, • • • , a, gs 2 +i }'' ‘ , dr)- 

Proof. Let tn E T{K)p[aVa~^ be as in Lemma 1^^ Passing to a subsequence 
we suppose that the projection of the sequence in Tj is convergent for every 
i > S 2 . Since tnT^{cr) = and in view of (jSD, we get 

lim tn'^(pj‘lO'., ■ ■ ■ , Us 2 ^^ , 9r) (c, ■ ■ ■ ,6, ‘ , ^r)T((j), 
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where hi = lim tngi<J > S2- Using once again the convergence of in 

n 

every Tj, i > S2, we get 

lim • • • , e, • • • , h^) 7 r(cr) = 7 r(a, • • • , a, ^,2+1, • • • , 

n 

□ 


Lemma 6.4. Let 4^ C If and g G G(iL). 

(a) lUe have g = ojzv+v_, where u G A/G(T)(iL), 2 ; G ZG(T,i,)(iL), G 
V^(L') and V- G V^(iL). Moreover, 

2^T<s,{g) = -2T^(n_) n 2^Tx[,(n+) n 

(b) fUzt/i g = uzv+v- as in {a), suppose that d\mZT^{g) > dmiZT^{0g) 
for every 9 G A/g(T). Then 

D = (^Txp('!’-) nZT^(n+)) . 

Proof. The part (a) follow freely from the existence and the uniqueness of 
the Bruhat decomposition for reductive iL-algebraic groups (cf. [HI Theorem 
21.15]). The part (b) follows immediately from (a). □ 

Lemma 6.5. Let g G G(iL) he such that dim.ZT:{g) > dim2^T(^5') for all 
9 G A/g(T). Let K he a subset 0 /<h(T, G) and S = ( f) ker a)*. There exist 

oeA 

systems of simple roots If and If' in <h and subsets 4/ C If and 4/' C If' with the 
following properties: 

(a) S = Tv]/ = Tv]/// 

(b) g = ujzv^V- = uj'z'v'_v'j^, where oj and u' G 7\/G(T)(iL), and z' G 

ZGiS){K), v+ G V,i>(iL), v_ G V-(iL), v'+ G and v'_ G 

v;,(A'), and 

Zs(^)* = ZsK)- = Zs(n;)V 

Proof. Fix V E S. We choose t G S(iF^) such that |a(t)|u 7 ^ 1 for every root 
a which is not a linear combination of roots from A. Applying Proposition 16.11 
we associate to t a system of simple roots fl and a subset 4/ of If such that 
S = T.,, W+{t) = W-{t) = and Zcit) = Zg{T^). With 

these n and T, let g = ojzv+v^ as given by Lemma WM Now we suppose that t 
is chosen in such a way that dim2^s(n+) is minimal. In view of Lemma fo.df b). 
it is enough to prove that Zs(n+)* C Zs(n_)*. Suppose by the contrary that 
Zs{v+y ^ Zs{v_y. Pick a P G Zs{v+y such that the subgroup generated 
by P is Zariski dense in Zs{v+y and for every iP-root /3 either y{t') = 1 or 
\y{t)\v y 1. Then n_ = w+WqW- where w+ G fF+(P), W- G hF“(P) and 
ico G Zg(P). Since Zs(n+)* ^ Zsiv-)' either Wj^ y e or W- y e. Replacing 
t' by t'~^ if necessary, we may suppose that y e. Let t = tt'^ where 
n E N. After choosing n sufficiently large, we get that \a{t)\„ y 1 for every 
root a which is not a linear combination of roots from A, G W^{t) and 
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WqW_ G W~it). But Zs{v+w+) = Zs{v+) n Zs{w+). Since w+ 7 ^ e we obtain 
that dim Zs(n+i(;+) < dimZs(n+) which contradicts the choice of t. Therefore 
Zs{v+y C Zs{v_y proving the claim. 

The existence of fl' and T' C If' as in the formulation of the lemma is proved 
by virtually the same argument. □ 

6.2. Definition of Hi and reduction of the proof of Theorem 11.81 Let 

us dehne the subgroup Hi of G as in the formulation of Theorem 11.81 So, let 
9 = (s'!) ■ ■ ■ i 9 r) ^ G be such that Tn^g) is a locally divergent orbit. Since 
gi G ZG.(Ti)G{K) for all i (Theorem [LT]) the proof is reduced to the case when 
every 51 * G G(iL). 

r—1 

Next choose oji G AfG(T){K), I < i < r—1, in such a way that dim ZT^oJigig 

i=l 

r—1 

is maximal. Let H'j^ = (^g( fl ^T{^i9i9r^))y ■ We put 

i=l 

Hi = g-^U[gr. 

It is easy to see that 

T7i{g) C hiiLi 7 r(e), 

where hi = {uji^gr,--- ,uj~\gr, gr) and Hi = Hi(iL 5 ). Note that hiHiTi{e) is 
closed and T-invariant. 

Furthermore, we specify the choice of uji as follows. Since 

r—1 

H'l = {ZG{^Z^{u[u,g,g;y)y 

i=l 

for all uj[ G A/h'^(T), we choose Ui in such a way that dim ZTi{uigig~y > 
dim ZT{oj'uJigigry for all oj' G TVh'(T). 

Note that Hi is a reductive iF-subgroup, g~^Tgr C Hi, g~^ojigi G Hi for all 
i, and 

TT^{g) = hi{g~^Tgr)Ti{g~^uJigiG ■ ■ , S'" V-i5'r-i, e). 

Therefore replacing G by the quotient of Hi by its center and T by the pro¬ 
jection of g~^Tgr in this quotient, we reduce the proof of Theorem 11.81 to the 
following case: 

(*) all gi G G{K), g^ = e, {ojigi) is finite for all choices of Ui G 

i 

A/G(T)(iF) and dimZTi[gi) > dimZ-jiiugi) for all 1 < i < r and all oj G 

A/'G(T)(ii'). 

Assuming (*), it is enough to prove that there exists a semisimple subgroup 
H of G and h G G(iF) such that ranki^(G) = ranki^(H) and 


Tn^g) D hH7i{e), 

where H = H(iF 5 ) and hH7r{e) is T-invariant. 
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6.3. Special elements in Tnlg). In view of the reductions from §6.2, we will 
suppose up to the end of this and the next sections that the conditions of (*) 
are fulfilled. 

Proposition 6 . 6 . For every j, 1 < j < r, TTi[g) contains an element of the 

form u{e, ■ ■ ■ , e, m, e, • • • , e)Ti{h), where h G G{K), oj G MciT), u belongs to a 
j 

unipotent subgroup of G{K) normalized by T(it') and is finite. 

Proof. First consider the case when there exists i such that ZT{gi) is finite. 
Suppose for simplicity that i = 1. By Lemma [6.51 and Lemma [6.41 there exists 
a system of simple roots 11 such that every gi can be writhen in the form 
gi = Ziufu~, where uf G V 0 (iF), uf G (iF), and Zj G A/G(T)(iF), and, 
moreover, is hnite. Shifting g from the left by an appropriate element 

from AfciT) we may suppose that all Zi = e. Since 

applying Proposition 16.31 we get 

,gr-2{uf_i)~^,e,e)7r{uf_^) eT7i{g). 

Repeating the argument r — 2 times (or using induction on r) we prove that 
T7i{g) contains an element ,e)7i{h), where h G G{K) and v~ G 

V^(iF). By Lemma 16.51 there exist opposite minimal parabolic iF-subgroups 

Pg and Pg containing T such that ufv~ = zw~w~^, where z G AfG(T){K), 

w~ G TluiP^){K), w~^ G 7 F„(P 0 )(iF) and Zt{w~^) is finite. We may suppose 
that z = e. Given 1 < j < r, since 

e, • • • , e)7i{h) = e, • • • , e, e, • • • , e)n{h), 

j 

Proposition 16.31 implies that Tn^g) contains e, • • • , w^, • • • , e)7i{h) and, 

j 

therefore, it contains (e, • • • , w^, • • • , e)7i{h) too. This completes the proof of 

j 

the proposition when 2 ^x( 5 'i) is finite for some i. 

It easy to see that the proof of the proposition may be reduced to the 
particular case considered above if we prove that T7r{g) contains an element 
7 r( 5 ''i, 5 ' 2 , 5 ' 3 , ••• ,9r) such that g[ and g[ G G(iF), dimZT( 5 'D > dimZTiug'f) 
for all OJ G A/g(T), and 

^t(5'i)* = (^t(5'i) G2^t(5'2)) • 

There is nothing to prove if Z^^gi)* C Zt( 5 ' 2 )- Suppose that Z^igi)* ^ Zt( 5 ' 2 )- 
By Lemmas 16.41 and 16.51 there exist a system of simple roots 11 and T C IT such 
that = Zt( 5 'i)*, g 2 = ojzv^Vj^, where oj G 7\/G(T)(iF), z G ZG(T^)(iF), 
T+ G V,^(iF) and G V^(iF), and 

^T,]>(fi' 2 )* = ('!’+)*• 
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Representing 7i{g) in the form {gi{v+) ^v+,uzv-v+, ■ ■ ■ ,gr)'n'{e), Proposition 
16.31 implies that Tii^g) contains {giv+,u;zv+, g^, ■ ■ ■ ,gr)'n'{e). It is clear that 

2^T{giv+)* = (^T(fi'i) riZT(n+))* = 

(^t(5'i) Pi ^Txp(5'2))* = (^t(5'i) n Zt(5'2))*, 
compleating the proof. □ 

We need the following specification of Proposition 16.61 

Corollary 6.7. With the notation and assumptions of Proposition W7^ T'K{g) 
contains an element of the form 7i{uh, h, - ■ ■ ,h), where h and u G G{K), u 
belongs to an abelian unipotent subgroup of G normalized by T and Zt{u) is 
finite. 

First we establish the following: 

Lemma 6 . 8 . Consider the Q-vector space Q"' endowed with the standard scalar 
product: ((xi, • • • , 2/n)) Let vi,--- ,Vm be pairwise non- 

i 

proportional vectors in Q” and v G Q” be such that {vi, n) > 0 for all 1 < i < m. 

m 

Put C = {'YfoiiVi\ai G Q, Oj > 0}. Suppose that m > n and the interior of C 

i=l 

with respect to the topology on Q"' induced by (•, •) is not empty. Then there 
exist 1 < io < m and w G Q"' such that {w,ViJ < 0, {w^vf) > 0 if i ^ io and 
{vi\i 7 ^ io) contains a basis ofQ^. 

Proof. Let Qfj flC, 1 < i < mi, be the edges of the cone C. Then mi > n 

n 

and fi, • • • , is a bases of Q"". If mi = n and Vn+i = '^CiVi one of q > 0. We 

i=l 

suppose that ci > 0. Let 

m 

C = {^aiVi\ai G Q, Oj > 0}. 

i=2 

It is easy to see that in both cases mi > n and mi = n the interior of the cone 
C is nonempty and C contains all Vi but vi. Therefore there exists w G Q"" 
such that (tc,ni) < 0 and {w,Vi) > 0 for all i > 1. □ 

Proof of Corollary 16.71 Let V be the minimal T-invariant unipotent K- 
subgroup of G containing u. There exists a system of positive roots such 
that the corresponding to maximal unipotent iP-subgroup contains V. Let 
^nd non-divisible roots and {oi, • • • , am} = {a G : U(q,) fl V 7 ^ 

{e}} where U(q,) is the corresponding to a root group. Put Vq,. = U(Q,p fl V. 
Then V is directly spanned by Vq. taken in any order (cf.[B], 21.9]). It follows 
from the minimality assumption in the dehnition of V and the fact that every 
(tti) = {ttj} or {ai, 2ai} that all Vq. are abelian. 

We will complete the proof by induction on dim V. There is nothing to prove 
if V is abelian. Suppose that the derived subgroup S)(V) of V is not trivial. 
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Let u = Ui- ■ -Um where Ui G \i{K). There exists 1 < Z < m such that after 
a rearrangement of {ai, • • • , am} we have Ui ^ 2)(V) if and only if 1 < i < Z. 
Then every aj,j > Z, is a linear combination with positive coefficients of at 
least two roots in {ai, • • • ,ai}. Since Zt{u) is hnite and V is not abelian, 

{(Ti, • • • , ai} contains a basis of the Q-vector space X(T)(^Q and m > 1. Put 

z 

m 

ittjlaj G Q, Oj > 0}. By Lemma ES there exist 1 < Z < Z, say i = 1, 

i=l 

and t G T(iL) such that lim = e in Gi and lim = e in Gi 

n^+oo n—>•—oo 

for all i > 1. Put u' = U 2 ---Um- It follows from Proposition 16.31 that T'K{g) 
contains 7i{u'h, h, - ■ ■ ,h). Since Zt{u') is finite and u' is contained in a proper 
T-invariant iL-subgroup of V the corollary is proved. □ 

6.4. Unipotent orbits on Tn{g). Further on some propositions formulated in 
iS-adic setting will be deduced from their archimedean analogs when S = Soo- 
For this purpose the following lemma is needed. 

Lemma 6.9. Let Y be a unipotent K-algebraic group and U be its K-subgroup. 
Put U = U(iL 5 ) and Uoo = U(iFoo)- Let M be a subset of Uoc such that 
MV{0^) = U^V{0^). Then 

MV{0) = UV{0). 

Proof. By the strong approximation for unipotent groups (see, for example, 
|PR1 §7.1, Corollary]), we have that U = Z7ooU((P). Using that U((P) C \{0), 
V(C>oo) C V((P) and U\{0) is closed, we get 

UV{0) = U^V{0) = Z7ooV((Poc)V((P) = MV((Poo)V((P) = MV((P). 

□ 

Proposition 6.10. IFe suppose that r > 2, K is not a CVi-field and the 
completion Ki is archimedean. Let V be an abelian unipotent K-subgroup of 
G normalized by T. Let u G V(iF) and Zt{u) be finite. Then there exists a 
K-subgroup U o/V which is T-invariant, contains u, and 

(15) UTr{e) = T((P)(m, e, • • • , e)7r(e) = {{tut~^,e, • • • , e)7r(e) : t G T(C>)}, 

where U = V{Ks) 

As in §3, we denote by L the closure of the projection of O* in K^. There 
are two possibilities: either L = or L ^ K^. Since K is not a CM-field, 
Proposition 13.21 implies that in the latter case Ki = C, dimL = 1 and L ^ M+. 

Proof of Proposition 16.101 when L = KI. Since V is normalized by T 
there exists an order of the set of iC-roots with respect to T such that 
V C V 0 . Therefore, identifying T(iFi) with the map T(iFi) —)■ 

V(A'i),Z I—)■ tut~^, coincides with the restriction to (iPj')'^™^ of a polynomial 
map ^ V(iFi). Let tTo, : ^ V^/V{0^), where U,, = Y{K^), 
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be the natural projection. By the polynomial measure rigidity for tori (cf. 
|Wey| or [Shi Corollary 1.2] for a more general result) there exists a T-invariant 
K-subgroup U of V such that 

UooT^oo{e) = e, • • • , e)'K^{e) : t G T(iCi)}, 

where Uoo = U(i^oo)- Now flT^ follows from Lemma [6.91 □ 

Proof of Proposition 16.101 when Ki = C and dimL = 1. Up to a 

subgroup of hnite index there are two possibilities for L: there exists a G M* 
such that either (a) L is a direct product of the unit circle group and an 
inhnite cyclic group, i.e. L = : n G Z, 0 < f < 27r}, where U = —1, or 

(b) L is a spiral, i.e. L = je(“+ 0 h+ 2 vm) ; 77 , g 2, 0 < t < 27r}. The case a < 0 
being analogous to the case a > 0, further on we will suppose that a > 0. In 
order to treat the cases (a) and (b) simultaneously, note that L = |e27rnQ:+(«+i)4 . 
n G Z, 0 < f < 27r} where 5 = 0 in case (a) and 5 = a in case (b). (We use the 

epUality g27rnQ+(a+i)t _ g(Q;+i)(t+2'7rri) ^ 

Given 9 G [0,27r) and 6 < c, we denote [b,c\g = : a < r < b} and 

= {re'^ : r G M}. As usual, GLi stands for the 1-dimensional Q-split torus. 
Returning to the proof of Proposition 16.101 note that V is a iC-vector space 

i 

and V = where are different weight spaces for the action of T on 

i 

V. Since u G V(iP) we have u = where Ui G Yx^{K). Next using that the 

i 

projection of O into is dense, we get that U as in the formulation of 

the proposition is spanned by the vectors Uj. This allows to replace T by its 
one dimensional sub-torus T' such that the restrictions of Aj to T' are pairwise 
different. Therefore Proposition 16.lOl follows immediately from the following: 

Lemma 6.11. Let GLi act K-rationally on a finite dimensional K-vector space 

i 

Y and Y = 0Va, be the decomposition of Y as a sum of one-dimensional 

i 

weight sub-spaces with weights Xfit) = Suppose that r > 2, K is not a 
CM-field, and Ui are pairwise different positive integers. Let u = where 

i 

Ui G YxfiK) \ {0} for all i. Then for every real C > 1, we have 


V = {(^^Aj(a)Mj, 0, • • • , 0) -|- V (O) :aGL, lali^G}, 

i 

where V = Y{Ks). 

Proof. We will (as we may) suppose that V (K) = and Uj = (0, • • • , 1, • • • , 0) 

i _ 

for all i. Since the projection of Ki into KsjO is dense, it follows from [Sh[ 
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Corollary 1.2] (or |Wey| ) that for every C > 1 

0, • • • , 0) + O' : a e |a|i > C}. 

i 

In view of Lemma 16.91 we need to prove that 

h'oo = 0, • • • , 0 ) + V(Ooo) ■ 0 , ^ L,\a\i > C}, 

i 

where I 4 o = V(iLoo). 

Let 0 < rii < n2 < • • • < n,;. For every i we introduce a parametric curve 
fi : [0, 27 r) C*, t HA Since Ooo is a group of hnite type and Mg + Oqo, 

0 < 0 < 27r, is a subspace of the real vector space iFoo, fhe set of all 0 < 6 * < 27r 
such that Mg + O^o £ -^oo is countable. The tangent line at t of the curve fi{t) 
runs over all directions when 0 < t < 27t. Therefore there exist 0 < "0 < 27r 
such that if the tangent line at "0 of the parametric curve fi is parallel to 
0 < 0i < 27r, then + Ooo = Koo for all 1 < i < /. 

For every n G N+, let 

F„ : [0,27r) ^ A^, ( . 0). ■ • • , . 0)). 

A subset M of will be called e-dense if the ^-neighborhood of any 

point in contains an element from M. (As usual, is endowed 

with a metrics induced by the standard metrics on Koo considered as a real 
vector space.) 

Now the lemma follows from the next 

Claim. With -0 and as above, let e > 0. There exist reals > 0 and 

> 0 such that if'f — he^cKdFofj + b,, and {d — c) > for some c 
and d G M and n G N+, then 

{F^{t) + &Jc<t<d} 

is e-dense in 

We will prove the claim by induction on 1. Let I = 1, i.e. : [0, 27r) 
Koo, t HA- (e^™”i"/i(f), 0 , • • • , 0 ), where fi{t) = e^+O^iL it follows from the 
choice of fj that there exists a real > 0 such that the projection of [0, B^] 0 ^ 
into Koo/Ooo is |-dense. Hence every shift of [0, Bf^g^ +Ooo by an element from 
Koo is |-dense in Koo/Ooo too. Choosing sufficiently large and sufficiently 
small we get that if n is such that e^^"'"'^( 2 fo) > A^ then the length of the curve 
{Fnitffj — h^ < t < fj + b^} is greater than B^ and if I is any connected piece of 
this curve of length then I is |-close (with respect to the Hausdorff metrics 
on C) to a shift of [0, This implies the claim for I = 1 . 

Now suppose that I > 1 and the claim is valid for / — 1. Let 

Fn(t) = .O),--- .O))- 
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It follows from the induction hypothesis for I — 1 and from the validity of the 
Claim for I = 1 that for every e > 0 there exist positive reals and such 
that — be<c<d<^jJ + b£ and — c) > for some n G N+ then 

{Fn{t) + < f < d} is £-dense in and 

{(e2™/;(f), 0 ■ ■ ■ , 0) + Ooolc'< f < d'} 

is £-dense in Koo/Ooo whenever c < d < d! < d and e^™"'*(d' — d) > A^. 

Further on, given c* < d*, we dehne the length of the parametric curve 
{F„(f)|c* < t < d*} C as the maximum of the lengths of the curves 

{e'^’^nuia < f < d*} C C, 1 < z < Z — 1. With b,., A^ and n as above, let 
X G There exist Cx^n and d^^n such that c < < d^^n < d and 

+ <t< dx,n} is of length | and contained in an e-neighborhood 

of X. In view of the dehnition of Fn, there exists 6 not depending on x and n such 
that e^™"''-i(da;,n — Cx,n) > d. Now, since ni > n/_i, choosing n large enough 
we get that {dx,n — Cx,n) > A^ completing the proof of the claim. □ 

6.5. A refinement of Jacobson-Morozov lemma. We will need the follow¬ 
ing known lemma Icf. |E-L1 Lemma 3.1]): 

Lemma 6.12. Let L be a semisimple group over a field F of characteristic 0, 
T be a maximal F-split torus in L, a be an indivisible root with respect to T 
and U(a) be the corresponding to a root group. Denote 



Let u G U(o)(F). Suppose that u = exp(n) where v belongs to the root space 
or g 2 a- Then there exists an F-morphism f : SL2 —)■ L such that u G f{U) and 
f{D)cT{F). 

6.6. Actions of epimorphic subgronps on homogeneous spaces in S- 
adic setting. Recall that G is a A-isotropic semisimple A-group and S D Soo- 
We have G = Goo xGf where Goo = Hjjg^oo ~ n,;e 5 / A be a 

closed subgroup of Goo which have hnite index in its Zariski closure. Recall that 
a subgroup A of A is called epimorphic if all A-£xed vectors are A-hxed for 
every rational linear representation of A. For example, the parabolic subgroups 
in A are epimorphic. 

In the case when S = Soo the following proposition is proved in |Sh-Wl 
Theorem 1]. 

Proposition 6.13. Let FI be a subgroup of Goo generated by 1-parameter unipo- 
tent subgroups and B be an epimorphic subgroup of A. Then any closed B- 
invariant subset of G/T is H-invariant. 

Proof. We need to prove that Bn{g) is A-invariant for every g E G. Since 
g~^Bg is an epimorphic subgroup of g~^Hg it is enough to prove that A7r(e) 
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is i/-invariant, that is, B7r{e) = H7r{e). Let Gf^n be a decreasing sequence of 
compact subgroups of Gf such that ~ ~ x Gj^n and 

r„ = r n Let (j)n : G ^ Goo be the natural projection and L^ = (f^niTn)- 
In view of |Sh-W[ Theorem 1] 


BY 


n,oo 


HT 


n,oo* 


By the topological rigidity for unipotent groups |Ral] ■ for every n there exists 
a connected subgroup of Goo which contains H and 


HY 


n,oo 


LnT 


n,OD‘ 


But Ln n r„^oo is a lattice in and r„ has hnite index in r„+i. It follows 
from the connectedness of L„ that all coincide, i.e. Ln = L. So, = 

-BL^^oo = -LL^^oo- Hence for every x E L there exists a„ G Gf^n such that 
xttn G BL^. Since XQn converges to x in G, we get that x G BL, i.e. L C BL. 
In view of the inclusions B G H G L it is obvious that 


BY = HY, 


proving the proposition. □ 

6 . 7 . Proof of Theorem 11.81 We keep the assumptions from § 6 . 2 . Shifting 
Trig) from the left by an appropriate element from Mg{T) we may suppose, in 
view of Propositions 16.61 and 16.101 that there exists a unipotent subgroup U 
dehned over K and normalized by T such that Zt{YJ) is hnite and T7r{g) D 
LfTT{h) where h G G{K) and U = U(iL 5 ). Let H be a Zariski connected K- 
subgroup of G with the properties: U U T C H and Hn^h) C Tii^e) where 
H = H(h: 5 ). We choose H to be maximal with the above properties. Let 
u G (U(q,) n H)(iL), u ^ e, and u = exp(r;) where a G and n G 0 ^ U Q 2 a- 
By Lemma 16.121 there exists a iP-morphism / : SL 2 —> G such that if B is the 
group of upper triangular matrices in SL 2 (iL) then u G /(B) and /(B) C H. 
Using Proposition 16.131 we conclude that Hn{h) is invariant under the action 
of the subgroup spanned by f{SIj 2 {Ks)) and H. In view of the maximality in 
the choice of H we get that /(SL 2 ) C H. Therefore H is a reductive subgroup 
of maximal iL-rank. Since U C H and ^t(U) is hnite, H is semisimple. □ 

6 .8. Proof of Corollary 11.91 We suppose that G = SL„+i,?7, > 1. As usual, 
SL„ , 1 = SL(W) where W is the standard iP-vector space with W(iL) = 

and W(C>) = 0^+\ 

Corollary 11.91 follows immediately from the next proposition. 

Proposition 6.14. Let H be a proper Zariski connected reductive K-subgroup 
of Shn+i of K-rankn. Then H is not semisimple and, moreover, the following 
holds: 
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(a) there exists a direct sum decomposition W = Wi © • • • © where 
r > 2 and Wj are non-zero K-subspaces ofW, such that H = G 
SL„+i : gWi = Wi for all z}; 

(b) if a' is a reductive K-subgroup o/SL„+i such that H' D H and s.s.ranki^(H) 
s.s.rankii:(H') then H = H'. 

Proof. By Borel-De Siebenthal theory [BD] every maximal connected snb- 
gronp of SL„+i containing H has a one dimensional center. Therefore the 
(Zariski) connected component Z of the center of H is not trivial. Let W = 

Wi © • • • © Wr, r > 2, where W, are the weight snbspaces for the action of 
Z on W. Each W, is H-invariant and H is an almost direct prodnct of Z 
and SL(Wi) nH X X SL(W^) n H. Since H has maximal iL-rank we get 
that the iL-rank of SL(Wj) fl H is eqnal to dim W, — 1 for every i. Therefore 
SL(Wi) C H. This implies that H = G SL„_|_i : = W, for all i}. 

In order to prove (b) note that H = Zg(Z) and 2)(H) = SL(Wi) x • • • x 
SL(Wr). Hence if H' is a reductive iL-subgroup of SL„+i containing H and 
s.s.ranki('(H) = s.s.rankx(H') then H = H'. □ 


7. A NUMBER THEORETICAL APPLICATION 

7.1. Reduction of the proof of Theorem 11.101 to the case m = n. We 
need the following simple 

Proposition 7.1. Let Mi, ■ ■ ■ , Mr be finite subsets of the vector space A" with 
the following properties: each Mi consists ofm linearly independent vectors and 
there exist w G Mi and j >2 such that no vector from Mj is proportional to w. 
Then there exists a linear map 0 : —)■ A™ such that every (plMi) consists 

ofm linearly independent vectors and no vector from 4>{Mj) is proportional to 


Proof. It easy to see that the conditions on 0 dehne a non-empty Zariski 
open subset of the vector space of all linear maps from A” to A*". This implies 
the proposition. □ 

In order to reduce the proof of Theorem 11.101 to the case m = n we apply 
Proposition 17.11 to the vector space Kxi + • • ■ + Kxn and the subsets = 
{l^\x ),..., lm\x)}, n G iS. There exists a basis y = (z/i,..., yn) of Kxi + • • ■ + 
Kxn such that the map 0, as in the formulation of Proposition 17.11 is given by 
0(aiz/i + - • •+a„z/„) = ai?/i + - • ■+amym- Let l‘f\x) = '^f\y) for all i and v. Then 
the linear forms 'f'i\yi, ■■■ , z/m, 0, • • • , 0), • • • ,l^m{yi, • • • , z/m, 0, • • • , 0) are lin- 

early independent over A and the polynomials Y\.^i {Ui-:' " i Vm, 0, • • • , 0), n G 

i=l 

S, are not pairwise proportional. This completes the reduction. 
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7.2. Proof of Theorem II.IOL Let G = SL„+i, G = SL„+i(iL 5 ) and V = 
SL„+i(C>). The group G is acting on Ks[x] according to the law ((T0)(7f) = 
where a G G and 0 G Ks[x]. We denote /o(t) = xiX 2 ...Xn+i- Let 
f{x) be as in the formulation of the theorem and m = n. There exists g = 
{gv)v£S e G such that every G G{K) and /(x) = a{g ^/o)(x) where a G Kg. 
Since fv{x),Vn G S, are not pairwise proportional the orbit Tii^g) is locally 
divergent but non-closed (Theorem [TTT]). Note that /(x) = a{wgfo){x) for every 
w G Mg{T). In view of Theorem II.81 and its Corollary II. 9l there exist a reductive 
/L-subgroup H with T ^ H and a G G{K) such that Tn^g) = HTi{a) where 
H = H(/L 5 ). By Proposition 16.141 there exists a direct sum decomposition 
W = Wi © ■ • • © Wj, such that H = G SL^+i : gWi = Wj for all i}. 
(We use that SL.„+i is identihed with SL(W).) Therefore given a = {a^)v£S 
there exist z G 0”'+^ and h = {hy)y^s ^ H such that /o(h(T(z)) = a. Since 
HaT = TgT there exist G T and 7 * G P such that 

limtig'yi = ha. 

i 

Therefore 

hm/(7iz) = a, 

I 

proving the theorem. □ 


8. Examples 

The goal of this section is to show that the hypothesis in the formulations 
of Theorem 11.81 Corollary 11.91 and Theorem 11.101 are essential and can not be 
removed. Up to the end of §8 we will suppose that S consists of archimedean 
valuations and K is a CM-£eld. We have K = F{y/—d), where F is a totally 
real held, d ^ F and d > 0 in every archimedean completion of F. With slight 
abuse of notation, we will denote in the way the archimedean valuations of F 
and their (unique) extensions to K. So, = C and = M for every n G 5. 
We denote by Op (resp. Ok) the ring of integers of F (resp. K). Recall that 
Op (resp. Ok) is a lattice in Fg = H (resp. Kg = Y\^v)- 

vGS vGS 

8.1. Restriction of scalars functor for CM-fields. Denote by G the group 
SL 2 considered as a F-algebraic group. Let “ : F —)• F be the non-trivial 
automorphism of F/F. For every n G iS we keep the same notation “ for the 
complex conjugation of F.„ = C and for the group automorphism SL 2 (F„) —>■ 

SL 2 (F^), I—)■ There exists a simple F-algebraic group 

of F-rank 1 denoted by F^/^(G) and a F-morphism p : Rk/p(G) —)■ G 
such that the map (p,p) : Rk/f(G) —)■ G x G, 5 f 1 —)■ {p{g),p{g)), is a F- 
isomorphism of F-algebraic groups and p{Rk/p{G){F)) = G(F). Note that 
the map Rk/p{G){F) —)■ G(F), 5 f 1 —)■ p{g), is a group isomorphism. The pair 
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{Rk/f{G),p) is uniquely defined by the above properties up to F-isomorphism 
and one says that the F-algebraic group Rk/f{G) is obtained from the K- 
algebraic group G by restriction scalars from K to F. (We refer to |BTl 
6.17-6.21] or |W2t 1.3] for the general dehnition and basic properties of the 
restriction of scalars functor Rk/f{-)-) 

Given v E S, the isomorphism Rk/f{G){F) —)■ G{K),g i—)■ p{g) admits 
a unique extension to an isomorphism Rk/f{G){F^) —)■ Gy denoted by p^. 
Let ps be the direct product of all p^^v G S. Further on Rk/f{G){Fs) will 
be identihed with G via the isomorphism ps. Let T be the F-split torus 
corresponding to the diagonal matrices in G. Under the above identihcation 
r = G{Ok) = Rk/f{G){Of) and T = T(F 5 ) = Rk/f{T^){Fs). For every 
V E S we have that Ty = T{Ky) is the the group of complex diagonal matrices 
in Gy{= SL 2 (C)). The F-torus Fi^/i7’(T) is not split and contains a maximal 
1-dimensional F-split torus Tf- Note that Tf(F^), n G 5, is the the group of 
real diagonal matrices in Ty. Denote T® = Tf{Fs). Then T = Tr • iV where N 
is a compact group. 


.2. Non-homogeneous T-orbits closures when r > 2. Further on, we use 

the notation and the assumptions from § 8 . 1 . Also, u~{x) = ' ^ ^ 


X 1 


and 


u^ix) = 


1 X 
0 1 


where x E K or Ky, S = {ui, • • • , Vy} and G = G 


Vl 


X • • • X 


Gy^. The next theorem is similar to m Theorem 1.8]. 


Theorem 8.1. Suppose that r > 2. Let g = {u e, • • • , e) E G where 

a E F* and (3 E K\F. Then the following holds: 

(a) Each of the orbits T7r{g) and TR7r{g) is not dense in G/T, 

(b) Each of the sets T7i{g) \ T7i{g) and T^7i{g) \ T^n{g) is not contain in a 
union of countably many closed orbits of proper subgroups of G. 

In particular, each of the closures Tn{g) and Tf^n^g) is not an orbit of a closed 
subgroup ofG. 


Proof. A direct calculation shows that u {/3)u^{a) = du'^{ai)u {/3i) where 

(1 -f- 0/3) ^ 0 


oi = (1 - 1 - a(3)a, /3i = (1 -P a/3) ^/3 and d = 


0 


1 -P ajS 


Since 


ft E K \ F we get that j3i E K\F. 

Define subgroups Li and L 2 of G as follows. Put Li = SL 2 (F 5 ) and L 2 = 
5-1 


{ 


X y^^ 


E G : x,y, z,t E F 5 }. The group LiflF is commensurable with 


zf3i t 

SL 2 (C>f) and, therefore, is a lattice in Li. This implies that Li 7 r(e) is closed. 


Since the map G —?■ G, 


X y 
z t 

get that L 27 r(e) is closed too. 


I-)- 


X 

z(3i 


, is a F-isomorphism we 
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It follows from the definitions of Li and L 2 that 

( 16 ) 

u u {{d ■ m+(z/Q!i), • • • , e)L27r(e)}. 

0<Ai<l 0<i/<l 

Since the right hand side of (fTBD is a proper closed subset of G/T, T^7i{g) 7 ^ G/T. 
Also, it is easy to see that the shift of the right hand side of flT^ by the compact 
group N (dehned at the end of §8.1) remains a proper subset of G/T. Since 
T = ■ N, Tn{g) 7 ^ G/T, completing the proof of (a). 

Let t/i’*' be the group consisting of all upper triangular unipotent matrices in 
Li and U 2 ~ be the group consisting of all lower triangular unipotent matrices 
in L 2 . It follows from Proposition 16.101 and Proposition I3.2f 2ai that T^7r{g) D 
U/' 7 r(e) U (d, e, • • • , e)U 2 ^(e). In view of Proposition 16.131 we get that 

(17) T^T^ig) ^ ^i 7 r(e) U (d, e, • • • , e)L 2 Ti{e). 

Choose a real transcendental number a. Using again Proposition 13.21 we 
obtain that T]^7r{g) contains 7 r(^) where g = ■ ■ ■ , e). Remark 

that 

= T°7r{g). 

Suppose that 71 (g) G T7i{g). Then there exist ^ ^ g ^ ^ SL 2 (C) and 

m G SL 2 (iP) such that u~{/3)u'^{a)m = tu~{a~^/3)u^{a^a). The upper left co¬ 
efficient of is equal to r and u~{a)m G SL 2 (iP). Hence 

T E K. On the other hand, the upper right coefficient of tu~ {a~‘^(3)u~^{a^a) is 
equal to Ta?a. Therefore a is an algebraic number which is a contradiction. We 
have proved that 

T^ig) e rK7r(^) \T7r(^). 

Since 

TiAg) \Tn{g) C (T| 7 r(^) \ T°7i{g)) O {TTr{g) \ T7i{g)), 

_ CXD 

in order to prove (b) it is enough to show that if T^n{g) \ Tn{g) C \JQi77{hi), 

i=l 

where Qi are connected closed subgroups of G and Qi7i(hi) are closed orbits, 
then one of the subgroups Qi is equal to G. It follows from Baire’s category 
theorem that there exists io such that C Qi^ and 7i(g) G Qi„77{hiQ. Using 
cm, we obtain that Li U (d, e, • • • , e)L 2 {d, e, • • • , e) ^ C Qi^. Since fdi E K\F 
using the dehnitions of Li and L 2 we get that Qi^ contains {e} x ■ • • x {e} x 
G{KyQ. (Recall that G{KyQ = SL 2 (C).) Since P is an irreducible lattice of G, 
({e} X • • • X {e} X G{Kr)) ■ T is dense in G. Therefore Qi^ = G, completing the 
proof of the theorem. □ 

Remark. The orbit T7i{g), considered as an orbit on SL 2 (iP 5 )/SL 2 ((P_ft'), pro¬ 
vides an example showing that Corollary 11.91 is not valid for CM-£elds. On the 





















30 


GEORGE TOMANOV 


other hand, T]g_ 7 i{g), considered as an orbit on Rk/f{S^ 2 ){Fs)/RK/F{S h 2 ){OF), 
shows that TF{g) in the formulation of Theorem ll.Sl is not always homogeneous. 


8.3. Values of decomposable forms when = 2 or > 2 and K is 
a CM-field. Let us provide the necessary counter-examples showing that the 
assertion of Theorem 11.101 does not hold if = 2 or iL is a CM-£eld and 
#5 > 2. 

We keep the notation f{x), fv{x) and lf\x) as in the formulation of Theorem 
11.101 For simplicity, we assume that m = n = 2. 

The following is a particular case of |T3[ Theorem 1.10]: 

Theorem 8.2. Let = 2. Then f(Oj^)nKg is a countable set. In particular, 
f{0\) is not dense in Kg. 

Remark that in the formulation of Theorem 18.21 K is not necessarily a CM- 
held. 


Theorem 8.3. Let K be a CM-field which is a quadratic extension of a totally 
real field F. We suppose that jfS > 2 and all l^fi\x) are with coefficients from 
F. There exists a real C > 0 such that if z E 0\ and f{z) G Kg then either 

(18) 

vgS 

or there exists w E C such that 


(19) 


fv{z) E M.W for all v E S. 


In particular, f{0'^) is not dense in Kg. 


Proof. Choose d E F such that K = F(^/—d) and sf—d E Ok- Put I = 
[Ok ■- Of{^/^)]. If5 = {ni,---we use the simpler notation: Kj := Ky., 

I FL 


Mi := I • \vK fj ■= fvj and := Let lli’\xi, X 2 ) 
{1, • ■ ■ , r} and i E {1, 2}. Put := 



u(J) 

'''12 

(i) 


h. 


= h[{Xi + hl2 X 2 where j E 
After multiplying fj by 


22 


appropriate elements from F* we may (and will) suppose that h^^'> E SL 2 (R) for 
all j. Further on, if Wi = (wn, W12) G and W 2 = {w 2 i,W 22 ) G we denote by 

det(tiJi, ^ 2 ) the determinant of 


Wu 

W 21 


W 12 

W 22 


Wu 

W 21 


W 12 

W22 


Also, given w = 

\ ti/21 u/22 / 

and a = (ai, 02) G we write w{d) = (tciiai -|- Wi2a2, W2iai + W22U2)- 

With C = we will prove that given TG Oj^ one of ([H]) or ([19]) holds. 


Let z = \/—dS E 0\ where 7 = ( 71 , 72) G and 5 = (hi, ^ 2 ) £ F^. By the 

choice of I, (/ 71 , Z 72 ) G Of and (/hi, I 62 ) E Of. It is well known that if a G Of 
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then ni«i. G N (cf. [CFl ch.2, Theorem 11.1]). Therefore 
j 

j j 

We have 

where and are the absolute values and ipi'^ and ip^'^ are the arguments 
of the complex coordinates of h^^\z). Since /j(T) = +V 2 .^ve get 


det(h^'^^(7), h^^\6)) 


fji^ -i 

Vd 


(Vi 


U) 




^ det 


U) 

cos if I 

U) 

C0S</92 


sin(pi'^^ A 

sin(p^^^ j 


Therefore 

ni/i(^)ii ^ (^) ^ (^) ^• 

j j 

So, fflSj) holds unless det( 7 , 5) = 0. In the latter case 7 and S are proportional 
which implies flT^ . □ 


Acknowledgement: The author is grateful to Federico Pellarin for the useful 
discussions. 
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